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Coherent ontrol of loalization, entanglement, and state superpositions in a double
quantum dot with two eletrons
G. E. Murgida, D. A. Wisniaki, and P. I. Tamborenea
Department of Physis J. J. Giambiagi, University of Buenos Aires,
Ciudad Universitaria, Pab. I, C1428EHA Buenos Aires, Argentina
(Dated: Otober 25, 2018)
We have reently proposed a quantum ontrol method based on the knowledge of the energy
spetrum as a funtion of an external ontrol parameter [Phys. Rev. Lett. 99, 036806 (2007)℄. So
far, our method has been applied to onnet the ground state to target states that were in all
ases energy eigenstates. In this paper we extend that method in order to obtain more general
target states, working, for onreteness, with a system of two interating eletrons onned in
semiondutor double quantum wells. Namely, we have shown that the same basi method an
be employed to obtain loalization, entanglement, and general superpositions of eigenstates of the
system.
PACS numbers: 73.63.-b, 78.67.H
I. INTRODUCTION
Quantum ontrol is an area of researh of great urrent
interest with a vast potential for appliations in quantum
information tehnologies.
1,2
The basi problem of quan-
tum ontrol onsists of driving externally a quantum sys-
tem in order to take it from an initial state to a target
nal state. Quantum ontrol ideas and methods are tra-
ditionally widely applied in magneti resonane
3,4
and
quantum hemistry,
5
and they are advaning rapidly in
the area of solid state nanostrutures.
6,7,8,9
In a series of reent publiations
10,11,12
we have pre-
sented a method of quantum ontrol based on the knowl-
edge of the energy spetrum as a funtion of a suit-
able single ontrol parameter. This method is useful
provided that the transitions between neighboring lev-
els are well desribed by the Landau-Zener model.
13
The
latter ondition has allowed us to suessfully navigate
the spetrum with a ombination of diabati and adia-
bati hanges of the ontrol parameter. Other authors
have also employed the navigation of the energy spe-
trum as a oherent quantum ontrol tool, espeially in
the eld of atomi and moleular systems ontrolled by
lasers.
14,15,16,17,18
We have applied our ontrol method
to two dierent physial systems with remarkable su-
ess. The rst one, whih we will study in this paper, is
a nanostrutured semiondutor system onsisting of two
interating eletrons onned in quasi-one-dimensional
quantum dots,
10,11,12
and the seond one was the LiCN
moleule.
19
In both systems we have been able to on-
net distant eigenstates through long and omplex paths
in the energy spetrum with very high probability.
In this paper we take the ontrol method farther: by
allowing not only diabati and adiabati transitions but
also intermediate veloities, we an arrive at more om-
plex nal (target) states. With this generalized naviga-
tion method we are able to ahieve the reation of lin-
ear superpositions of adiabati states starting from the
ground state. This opens a rih menu of possibilities, like
the reation of Bell states and other types of entangled
Figure 1: Shemati plot of the building blok of our on-
trol method. An avoided rossing and a shemati drawing of
the diabati (fast), adiabati (slow), and intermediate ways
to ross it. (a) Long (short) arrows represent fast (slow) vari-
ations of the ontrol parameter; (b) Medium arrows represent
the intermediate veloity.
states.
The paper is organized as follows: in Setion II we de-
sribe the main ingredients of our ontrol method. In
Setion III we present again the two-eletron nanostru-
ture. Setion IV is devoted to the results of the gener-
alized ontrol method. Among the results presented, we
show how to apply our method to generate Bell states
and oherent superpositions of energy eigenstates.
II. THE CONTROL METHOD: NAVIGATING
THE HILBERT SPACE
Let us rst review the basi ideas of our method in the
simplest possible system, i.e. a parameter-dependent two
level system. Let us assume that these two levels have an
avoided rossing as shown in Fig. 1. At the avoided ross-
ing, the two energy levels approah eah other and the as-
soiated eigenstates exhange their harateristis as the
external parameter sweeps through the rossing. If the
avoided rossing is traversed very slowly (adiabati path
2Figure 2: Conning double well potential in the longitudinal
diretion of the oupled quantum dot struture. The external
eletri eld is E = 0 (solid lines) and E = 12 kV/m (dashed
lines).
in Fig. 1(a)), the adiabati theorem guarantees that one
will stay in the initial adiabati level, but with the para-
doxial onsequene that the nal state will have been
exhanged with the other diabati state. On the other
hand, if the avoided rossing is traversed very quikly
(diabati path in Fig. 1), the harateristis of the state
are preserved. Clearly, these two limiting possibilities
suggest a very simple ontrol method. The quantitative
meaning of slow and fast transitions is given by the the-
ory of Landau-Zener transitions.
12,13
This basi idea has allowed us to perform ompliated
ontrol tasks. Namely, we an travel through the energy
spetrum using the avoided rossings as soures of e-
ient ontrollable hoies between two adiabati states.
In this way we an onnet distant adiabati states pro-
vided that there exists a path going from one to the other
via jumps at avoided rossing and adiabati evolutions in
the absene of rossings. Examples of the appliation of
this method have been presented in Refs. [10,11℄.
In this paper we go one step further by using not
only diabati and adiabati transitions but also transi-
tions with intermediate speeds. This type of transition
gives nal states (on exit of the avoided rossing) whih
are linear ombinations of the two adiabati states (Fig.
1(b)). The ombination of several rossings using inter-
mediate veloities allows us to aess a great variety of
nal states. Thus, in this work we generalize the ontrol
method proposed earlier and present several appliations
whih show the power of the improved ontrol tehnique.
III. THE DOUBLE QUANTUM DOT SYSTEM
In order to explore on a onrete system the idea of us-
ing intermediate speeds to traverse avoided rossings we
will study here a system of two interating eletrons in-
side a quasi-one-dimensional double quantum dot whih
was used in our previous works. The system is subjet
to an external, uniform eletri eld, whose amplitude is
Figure 3: Main panel: The energy spetrum of the two inter-
ating eletrons onned in a quasi-one-dimensional double-
well semiondutor nanostruture as a funtion of an external
uniform eletri eld. The rst 31 energy levels are shown.
Side panels: Spatial wave funtions φi(E, z1, z2) orrespond-
ing to labels (a) to (h) of the main panel. States (a) and (b)
have one eletron in eah well, wave funtions () and (d) are
loalized in the left well, and wave funtions (e) and (f) have
both eletrons in the right well. States (a) to (f) are far from
avoided rossings and therefore have well-dened loalization
properties. This is not the ase for eigenstates (g) and (h),
whih are at avoided rossings.
used as the ontrol parameter. The onnement of the
two eletrons is very narrow on two dimensions, whih we
denote as x and y, and the double well prole is dened
along the remaining, longitudinal oordinate, z. The ef-
fetive Hamiltonian of the two eletrons reads
H ≡ − ~
2
2m
(
∂2
∂z2
1
+
∂2
∂z2
2
)
+ V (z1) + V (z2)
+VC(|z1 − z2|)− e(z1 + z2)E(t), (1)
where m is the eetive eletron mass in the semiondu-
tor material, VC is the eetive Coulomb interation be-
tween the eletrons,
20 V (z) is the onning potential (see
Fig. 2), and E(t) is the external time-dependent eletri
eld. We hoose as onning potential a double quantum
well with well width of 28 nm, interwell barrier of 4 nm,
and 220 meV deep (a typial depth for a GaAs-AlGaAs
quantum well). We normally assume that the initial state
is the ground state, whih is a singlet. Sine the Hamil-
tonian is spin independent, the total spin is onserved
and the spatial wave funtion remains symmetri under
partile exhange at all times.
Let us review some harateristis of the energy spe-
trum of the two eletrons and of the eigenstates whih
will guide our ontrol strategies. First we onsider the
spetrum as a funtion of the ontrol parameter (the ex-
ternal eletri eld). This spetrum is plotted in Fig.
33 with seleted eigenstates. The energies ǫi(E) and the
eigenstates φi(E, z1, z2) are obtained by numerial diago-
nalization. For this alulation, we have used as basis set
the symmetri ombinations of the twelve lowest single-
partile eigenfuntions. Thus, our basis set of the two-
partile Hilbert spae has 12*(12+1)/2=78 states. An
important harateristi of this system in the lower part
of its spetrum is that the states have fairly well-dened
loalization properties. The three possible types of loal-
ization (both eletrons in the left dot, in the right dot, or
eletrons in dierent dots) are assoiated with the three
types of slopes seen in the spetrum (positive, negative,
or almost zero, respetively). In Fig. 3 we show some
states to illustrate the mentioned loalization harater-
istis. In states a and b the eletrons are in dierent dots,
in states  and d both eletrons are in the left dot, and
in states e and f both eletrons are in the right dot. Of
ourse, at the avoided rossing the states get mixed and
these well-dened properties are lost (states (g) and (h)).
IV. RESULTS
This setion is devoted to illustrate the power of the
generalized ontrol method in whih the veloities to
ross the avoided rossings are not restrited to produe
diabati and adiabati transitions. In other words, we
will show the possibilities opened by the ability to allow
intermediate veloities. Due to the potential for appli-
ations of our method, we onsider it best to illustrate
its power through two important examples of oherent
ontrol.
A. Loalization
An appliation of quantum ontrol that has been ex-
tensively explored in the reent literature is the loaliza-
tion of one or two eletrons in a double well potential.
The general idea is to start the oherent evolution in the
ground state, whih in the ase of two eletrons is de-
loalized due to the Pauli and Coulomb repulsions, and
end up in a state in whih both eletrons are in the same
well. In order to desribe the degree of loalization of the
two eletrons we dene the probability for both eletrons
to be in the left well, P
LL
.
PLL(t) =
∫ 0
−∞
∫ 0
−∞
dz1dz2 |ψ(z1, z2, t)|2, (2)
where ψ(z1, z2, t) is the evolving wave funtions of the
two eletrons.
An easy way to loalize both eletrons in the left dot
using our ontrol method starting from the ground state,
onsists of varying the eletri eld adiabatially in or-
der to pass the rst avoided rossing between the rst
two levels loated at E = 4.81 kV/m. This proess is
shown in the inset of Fig. 4. (The numerial solution of
Figure 4: Probability P
LL
as a funtion of the time-dependent
eletri eld E(t). The veloities of the eletri eld are: (i) 4,
(ii) 1, (iii) 0.4, (iv) 0.2, and (v) 0.04 (kV/m)/ps. With irles
we represent P
LL
of the adiabati ground state as a funtion
of the eletri eld (see text for details.) Inset: loser view
of the rst avoided rossing involved in these proesses. The
arrows indiate the adiabati path.
the time-dependent Shrödinger equation was obtained
using the usual fourth-order Runge-Kutta method with
a time step of 0.05 fs.) The eletri eld varies linearly
with time and we display the evolution of P
LL
for several
veloities. We start at the ground state, and aordingly
P
LL
≃ 0 at t = 0. For a high veloity, we expet to
ross diabatially the avoided rossing and the loaliza-
tion properties will not hange onsiderably. This ase is
seen in urve (i) (E˙ = 4 (kV/m)/ps.) in Fig. 4. As the
veloity is dereased (urves (ii) to (v)) we approah a
nal state that is highly loalized in the left dot. There
is a maximum value of the probability P
LL
that an be
obtained with this method, given by the probability P
LL
of the adiabati ground state after the avoided rossing.
The probability of the adiabati ground state is plotted
with open irles in Fig. 4. After the rossing it is a
slowly rising funtion in the plotted range and reahes
the value of 0.998 at eletri eld E = 9 kV/m. We see
that for the veloity of urve (v) (E˙ = 0.04 (kV/m)/ps)
the evolving probability P
LL
(t) follows tighlty the open
irles and near E = 9 kV/m presents a small osillation
bound between 0.995 and 0.9975. That is, the maximum
value of 0.998 is approahed within a 0.3 perent.
Another simple way to obtain loalization in this sys-
tem is what we may all the sudden-swith method,
whih uses step-wise onstant elds.
21
We wish to om-
pare the eetiveness of both methods to obtain loaliza-
tion. First, let us summarize the basi proedure of the
sudden-swith method (See Fig. 5). Starting from the
ground state one applies two suessive steps of onstant
eletri eld. In the rst step one goes from zero eld
to the eld orresponding to the rst avoided rossing,
i.e. E = 4.81 kV/m in our ase. While the new eld is
on, the probability PLL osillates with the frequeny or-
4Figure 5: Loalization with the sudden-swith method.
While the eletri eld stays at the avoided-rossing value
(E = 4.81 kV/m) the probability PLL osillates with the fre-
queny orresponding to the energy gap (dashed lines). The
method onsists of inreasing suddenly the eletri eld when
PLL is maximal, freezing the loalization on its highest value
(full lines). Upper panel: Probability that both eletrons are
in the left dot. Lower panel: Step-wise onstant eletri eld."
responding to the energy splitting at the avoided ross-
ing. This osillation ours beause the initial state is
no longer eigenstate of the Hamiltonian at the avoided
rossing. In fat, it is a 50%50% linear superposition
of the two adiabati states (eigenstates) at the avoided
rossing. When the probability PLL reahes a maximum,
that means that the urrent state is the other diabati
state. At this time one swithes again the eld to leave
the avoided rossing. Far from the avoided rossing the
diabati states are very lose to the eigenstates of the
Hamiltonian, and therefore, are approximately station-
ary. Thus, the PLL remains at the highest value attained
during the osillations at the avoided rossing. With this
method, a loalization PLL of up to 93% an be ahieved,
as an be seen in Fig. 5. While the time sales involved in
both methods are the same, in omparison, our method
has three advantages: (i) a higher degree of loalization
an be obtained; (ii) the sudden-swith method requires
a ne adjustment of the timing not needed in our ase;
(iii) our method is more powerful in the sense that an
be used to navigate in the spetrum and onnet distant
states.
10
Let us now onsider states with a dierent and in a
sense more omplex kind of loalization. As mentioned
earlier, we an nd in the spetrum three types of loal-
ized states, whih we an denote in the following way:
|RR〉, |LL〉, and |RL〉, whih have, respetively, both
eletrons in the right and left dots, and one eletron
in eah dot. (Of ourse, these states annot be onsid-
ered to be produt states of single-partile orbitals, be-
ause quantum orrelations are generally present in all of
them.
22
) We usually refer to the rst two types as loal-
ized states, and to the third one as deloalized. However,
a linear superposition of the rst two types an also be
onsidered as loalized, in the sense that one knows that
both eletrons would be found in the same dot if a mea-
surement were performed. In Fig. 6 we show some ontrol
paths that may be followed in the spetrum to reah a
superposition of |RR〉 and |LL〉. Linear superpositions
of the form (|RR〉±|LL〉)/√2 are always available at the
enter of avoided rossings of states with RR and LL lo-
alization. In Fig. 6 (a) and (b) we show how to go from
the ground state to the Bell-type states (|RR〉+|LL〉)/√2
and (|RR〉 − |LL〉)/√2, respetively, using only diabati
and adiabati transitions. We remark that these states
are energy eigenstates, and thus do not evolve further if
the eletri eld is xed. If the restrition of using only
diabati and adiabati transitions is relaxed we an tra-
verse the avoided rossing of the two types of states with
an intermediate speed thus obtaining a ombination of
the diabati states after the rossing
a e−iERRt/~|RR〉+ b e−iELLt/~|LL〉. (3)
The values of |a| and |b| an be tuned by hoosing the
appropriate veloity. We note that the eets of using
intermediate veloities was illustrated previously (Fig. 4)
in the ontext of searhing for a LL loalized state.
We now show in Fig. 7 how the path (a) of Fig. 6 is
obtained by varying the eletri eld appropriately. In
Fig. 7 (a) we show the eletri eld and in (b) we show
the probabilities as a funtion of time (semi-log plot). To
arrive at the desired state, we must ross two avoided-
rossing adiabatially, one at E = −4.81 kV/m and en-
ergy = −437meV, and the other one at E = 3.02 kV/m
and energy = −402meV. The rst avoided rossing in-
volves a RL and a RR state, and the seond one, RR
and LL states. The energy gap of these avoided ross-
ings are very dierent, and therefore the time required
to ross them adiabatially is also very dierent. This
is way the log sale for the time axis is used in Fig. 7.
We see that one the eletri eld is left onstant the
probabilities PRR and PLL osillate between 0.465 and
0.495 while the overlap of the nal state with the target
one es equal to 0.98, showing that we have arrived at the
desired state. The other two paths shown in Fig. 6 an
be realized in a similar way, and with the same degree of
suess.
B. Coherent superpositions
In the previous setion we used our method to on-
trol the loalization properties of the target state. Now
we illustrate the exibility of our method by obtaining
oherent superpositions of several adiabati eigenstates.
For example, we may wish to obtain a linear superposi-
tion of the three types of loalization having eah of them
5Figure 6: Control paths for two eletrons leading to target
states whih are superpositions of states with RR and LL lo-
alization. The lengths of the arrows indiates the veloity of
the transitions. The target states are: (a) (|RR〉+ |LL〉)/√2;
(b) (|RR〉 − |LL〉)/√2; () state given in Eq. (3).
the same weight. That is, we seek a state of the form
|ψ〉 = 1√
3
(a|RR〉+ b|LL〉+ c|RL〉) , (4)
with |a| = |b| = |c| = 1.
In Fig. 8 the ontrol path to suh a state is shown.
In Fig. 9 we show the overlap of the evolving state with
the rst six adiabati states and the eletri eld (the
ontrol parameter) as a funtion of time. To apprei-
ate the evolution in greater detail we plot the evolving
state at hosen times in Fig. 10. The initial state is the
ground state (see Fig. 10, state at time t1 = 0), and the
nal state is a superposition of the states 1, 5, and 6 at
the eletri eld E = 3.04 kV/m (see Fig. 10, state at
time t6 = 1000 ps). We start the evolution by inreas-
ing slowly the eletri eld (blue arrows in Fig. 8), so
that the state remains at the ground state (see Fig. 10,
state at time t2), then we aelerate to ross diabatially
the rst avoided rossing at E = 4.81 kV/m, and then
we derease the eld (green arrows in Fig. 8) in order to
ross the same avoided rossing in the opposite diretion
with an intermediate veloity. Here the oupation prob-
ability is split between the ground state (33.3%) and the
rst exited state (66.6%). This is learly seen at time t3
in Fig. 9. The eletri eld is further dereased, slowly at
rst and then rapidly, so that the upper branh rosses
the omplex avoided rossing at E = 0 and energy of
Figure 7: Numerial simulation of the path of Fig. 6(a) in
order to reah the Bell-type state (|RR〉 + |LL〉)/√2. The
eletri eld used (a) and the probabilities obtained (b) are
shown as funtions of time in semi-log plots.
−413meV. Then an adiabati inrease follows. We again
ross the omplex avoided rossing (time t4 in the mid-
dle of the avoided rossing and time t5 after rossing it
adiabatially). We see that the state at t5 is a ombina-
tion of a RL and a RR state. We ontinue slowly until
the upper branh approahes the last avoided rossing at
E = 3.02 kV/m. Here the veloity is hosen at an inter-
mediate value, so that the oupation probability divides
itself equally among the two states. The end result is a
superposition of the three states mentioned at the begin-
ning. This is learly veried in Figs. 9 and 10, state at
t6 = 1000 ps. In this simulation, the nal square over-
lap with the adiabati states 1, 5, and 6 are respetively
P1 = 0.324, P5 = 0.325 and P6 = 0.320, and then the
nal probability to nd the target state is of 96.45%.
V. FINAL REMARKS
In this paper we extended a reently proposed on-
trol method for quantum systems with energy spetra,
whih, as funtion of a ontrol parameter, are hara-
terized by the presene of avoided rossings. While in
previous publiations we showed how to work with di-
abati and adiabati hanges of the ontrol parameter,
that is, using the avoided rossing as a yes-no swith,
here we explored the possibility of using intermediate ve-
loities to ross the avoided rossings, thus obtaining lin-
ear ombinations of diabati states. This generalization
of our previous ontrol strategy enables us to reah more
general target states, not restrited to eigenstates of the
system's Hamiltonian.
The results presented here are for a two-eletron dou-
ble quantum-dot struture, but are not restrited to that
6Figure 8: (Color online) Shemati diagram of the path to
obtain the target whih is a superposition of three adiabati
states with dierent loalization (Eq. 4). For larity, we use
dierent olors when the eletri eld is inreasing (blue and
red) or dereasing (green). Our initial state, the ground state
without eletri eld, is indiated by a lled square). The
desired target state is a ombination of the three adiabati
states indiated by ⊕.
Figure 9: Upper Panel: Eletri eld as a funtion of time
used to arry out the ontrol strategy shematially shown in
Fig. 8. Lower Panel: Overlap of the evolving state with the
rst six adiabati states. We an learly see that the nal
state approximates well an even linear ombination of the
adiabati states 1, 5, and 6 at the orresponding nal eletri
eld.
partiular system. Sine the issue of loalization is an
interesting one in double-well potentials, we have stud-
ied it here as an appliation of our method. We showed
how one an obtain target states with dierent types of
loalization, like having both eletrons in one given well
or having both eletron in either well with hosen proba-
bilities (Bell-type states). Finally, we have shown how to
obtain a oherent superposition of three states with eah
of the three types of loalization present in this system.
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